< You used the

Trigonometry

Pythagorean
Theorem to find
missing lengths in
right triangles.

“+ . Vocahulary
trigonoinetry
trigenometric ratio

sine

cesine

tangent

inverse sine

inverse cosine

inverse tangent

Tennessee
Curriculum Standards

v 3108.1.8 Understand how
the similarity of right triangles
allows the trigonometric
functions sine, cosine, and
tangent to be defined as ratio
of sides.

v 3108.4.47 Find the sine,
cosine and tangent ratios of
an acute angle of a right
triangle given the side
lengths,

SP13108.4.15 Determine
and use the appropriate
trigonometric ratio for a right
friangle to solve a contextual
problem. Also addresses
CLE 3108.4.10 and
SP13108.4.14,

) 562 | Lesson 8-4

¢ Find trigonometric
ratios using right

triangles. steepest part of Bright Angel Trail in the

; Grand Canyon National Park has about .
il pNDMENTC a 15.7% grade. This means that the trail
e gngle rises or falls 15.7 feet over a horizontal
easires ot distance of 100 feet. You can use
triangles.

© The steepness of a hiking trail is often
expressed as a percent of grade. The

trigonometric ratios to determine that
this steepness is equivalent to an angle
of about 9°.

1 Trigonometric Ratios The word trigonometry comes from
two Greek terms, trigon, meaning triangle, and metron,
meaning measure. The study of trigonometry 'mvolv.es

triangle measurement. A trigonometric ratio is a ratio of. the
lengths of two sides of a right triangle. One trigonometric

A 6
. . AC
ratio of AABC s B

B
[]
K

J L

By AA Similarity, a right triangle with a given

acute angle measure is similar to every G
other right triangle with the same acute

angle measure. So, trigonometric ratios

are constant for a given angle measure. O]

H F

AC _ FH _JL
AABC ~ AFGH ~ AJKL, so B-Fa_ XK
The names of the three most common trigonometric ratios are given below.

% KeyConcept Trigonometric Ratios +
Words Symbols S =

If A ABCis a right triangle with acute Z A, then sinA=2P 2

the sine of £ A (written sin 4) is the ratio of the BCTG

length of the leg opposite £ A (opp) to the length sing=2PP b A

of the hypotenuse (hyp). ~hyp e

If A ABC's a right triangle with acute £ A, then cosA=249 b

the cosine of £ A (written cos A) is the ratio of the " T

length of the leg adjacent £ A (adj) to the length adj 3 b 9

of the hypotenuse (hyp). cosB = o

If /_\ABCis a right triangle with acute £ A, then tang =P .2

the tangent of £ A (written tan ) is the ratio of ~ a0 c a B

the length of the leg opposite £ A (opp) to the tang=9PP . b
@ngm of the leg adjacent £ A (adj). =3
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dyfp

_ ,;zrﬂﬂ"l'eg Ratios

In9°

stlﬂ'ml Tdv.ce for learning
f,s.ne cosine,
‘ugmg the T first

ﬂ”dm e gach word in the

Express ea ‘
ch rati . '
hundredth, © s a fraction anq as a decimal to th
al to the nearest

a. sin P I
sin P = __}(:pp b. cos P
yp cos PP = —“‘_] 15
about 0.88 _ 8
- =q7or about 0.47
tan P = 2PP. 1 sinQ " 2
adj sin Q = P
=5, hyp
5 Or about 1.88 ~38 orab ‘
— = 77 or about 0.47 ‘,
f. tan
cos Q = y ¢ 2
a
1 P ng= ad]
—orab
=717 out 0.88 = % or about 0.53
» GuidedPractice
1. gmd sin J, cos J, Fan J, sin K, cos K, and tan K. K
Xpress each ratio as a fraction and as a 13
decimal to the nearest hundredth. 5
L 12 J
\_ .

Special right triangles can be used to find the sine, cosine, and tangent of 30°, 60°, and
45° angles.

RiontTrangles to Find Trigonometric Ratios

ecial right triangle to express the tangent of 30° as a fraction and as a

Use a sp
decimal to the nearest hundredth.

Draw and label the side lengths of a 30°-60°-90° right

triangle, with x as the length of the shorter leg. /.

The side opposite the 30° angle has a measure of x. ox "
The side adjacent to th /.

e 30° angle has a measure of xV/3.

opP Definition of tangent ratio
tan 30° = -;-&—]'

X Substitution
Ve
1 V3 simplify and rationalize the denominator.
=V V3
impli se a calculator.
= —\'—[—-3-'- or about 0.58 Simplify and u
- 3

tion and as

‘ GmdedPractlce

ht triangle to exP
. U;Z:;f; Clsltill gnearest hundredth-.
a

ress the cosine of 45° as a frac

\.
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s Real-WovicLink

The grade of a trail often

= grade is the average of
several consecutive running
grades of a trail. Maximum
grade is the smeller section
of a trail that excecds the
trail's typice! running grade.
Trails ofter nave maximum
gractes tha! arc much steeper
than a trail's averane running
grade.

Source: Federal Highway
Administration

changes many times. Average

b

i

g
3

( StudyTip

Graphing Calculator Be sure
your graphing calculator is in
degree mode rather than
radian mode.

N~ _/

partof a hiking

HIKING A certain >
rd at about a5

trail slopes upwa
angle. After trave
distance of 100 feet
of the trail, what would be the

change in a hiker’s vertical
position? What distance has the
hiker traveled along the path?

Let mZA = 5. The vertic :
opposite ZA. The horizontal dist
adjacent to ZA. Since
angle are involved, write

i* ,sfHeal:Wtifﬂd'Example!% Estimate MEas=2s

ling a horizontal
along this part

al change in the ‘
ance traveled is 100 feet, the measure of e lee g

the length of the leg opposite and the leg adjacent t, iy
an equation using Ven

hiker’s position is x, the measure of ¢

a tangent ratio.

tanA = opP Definition of tangent ratio
adj
0= = Substitution
tan 5 700
100 - tan 5° = x Multiply cach side by 100.

Use a calculator to find x.

10 [TAN] 5 [ENTER 8.748866353

The hiker is about 8.75 feet higher than when he started walking.

The distance y traveled along the

path is the length of the hypotenuse, so you can yge

a cosine ratio to find this distance.

adj - . .
COSA=—— Definition of cosine ratio
hyp
! cos 5° = % Substitution
3
i y + cos 5° =100 RMultipiy each side by y.
= 100 - Divide each side by cos 5°.
cos 5

> Use a calculator to find y.

100 =] 5[ENTER] 100.3819838
The hiker has traveled a distance of about 100.38 feet along the path.

‘ GuidedPractice

3A.
18

25°

%

3C. ARCHITECTURE The front of the vacation
cottage shown is an isosceles triangle.
What is the height x of the cottage above
its foundation? What is the length y of the
roof? Explain your reasoning, ’

Find x to the nearest hundredth.

3B.

D)
)| 564 | Lesson 8-4 | Trigonometry
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th

pghtath
ﬂeﬂd i onometr:c Batlos
IrwWseression siq‘ Xis ;
e et);w jverse SN of xan
n;adt rpreted as the angl‘it
g lJ"na x.Be careful not 10
. s;e i notation ?Mth

cﬂ: :]otation for negative

: nents—

Ax# ;l’n‘; o
is notation 1S

[ g

g, th .
! "-I;t;:rto the notation for an
! ;verse prction, " (-

StudyTip
iraphing Calulator
€ second functions
Uty @ C0S, and

keys are usually

€ inverses,

k/

2 Use Inverse Trigonometric Ratios 1 gy

It follows that if th
approximately 30, e tangent of an acute

If you know the sine, cosine or t
the measure of the ;

ample 2, you found that tan 30° = 0.58.
angle is 0.58, then the angle measures

angent of an acute angle, you can use a calculator to find

angle, which is the inverse of the trigonometric ratio.
Fy
&"* KeyConcept Inverse Trigonometric Ratios
Word i
rds !f ZAis an acute angle and the sine of As X, then the
Inverse sine of xis the measure of / A
Symbols If sin A= x, then sin—1 y = mZA
Words !f ZAisan acute angle and the cosine of Ais x, then the
Inverse cosine of x is the measure of ZA.
Symbols If cos A= x, then cos—! x= m/ A
Words I_f Z Ais an acute angle and the tangent of Ais x, then the
Inverse tangent of x is the measure of Z A.
Symbols  Iftan A= x thentan=" x= m/A
| 4

So if tan 30° = 0.58, then tan—1 0.58 = 30°.

d Anale

Example 4 ;[

Ures Using Inverse Trigonometric Ratios

Use a calculator to find the measure of ZA to the
nearest tenth.
; ] 27
The measures given are those of the leg opposite
ZA and the hypotenuse, so write an equation
using the sine ratio. B ™
18 .2

opp
. _ 20 = nA_—_—.—-
sin A = 7 or 3 sl By

. 12
Ifsin A= %, then sin 1-5 — m/A. Use a calculator.

| > KEYSTROKES: sin] [(J2(=]3 [ 41.8103149

So, the measure of ZA is approximately 41.8°.

D GuidedPractice

Use a calculator to find the measure of ZA to the nearest tenth.

e r

aA. B 4B. B 15 A
\D/3
GR C
c 20 A

565
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| .
| i ind the unknown angle an '
| When you use given measures to fi d the g d side Measureg f

w . i i iangle. T i ; o
\ right triangle, this is known as solving a right triangie. 10 solve a right t[‘langle’ y:u

need to know

o two side lengths or |
acute angle.

e one side length and the measure of one

e. Round side measures to the
e measures to the nearest degree.

Solve the right triang]

1

| | nearest tenth and angl

’ Kkl Find m£X by using a tangent ratio.

f opp
'b i tanX:% lanX::—ad—j
| tan~! 2 — msX Definition of inverse tangent
‘ 5
’ [ % |
StuxxTip ' 60.9453959 =~ m£X Use a calculator.
Alternative Methous >“ . .
2 s about 61°.
Right triangles can cfien , So the measure of £Xi

be solved using difterent

i0ds. in Example 5, mZ ",W,., :
methods. in Example 5, m£Y - T Find m2Y using Corollary 4.1, which states that the acute angles of a right

could have been found using Eldazy b
a tangent ratio, and mZX and triangle are complementary.

i
| a sine ratio could have been 5
% . ﬁndLXY. ; miR +msY =90 Corollary 4.1
5 \ / : 61 + mlY =90 m&X = 61
3 i
f i m2Y =29 Subtract 61 from each side.
So the measure of £Y is about 29°.
BTE] Find XY by using the Pythagorean Theorem.
| (XZ)? + (ZY)?> = (XY)*  Pythagorean Theorem '.
524+ 92=(XY)?>  Substitution z
| 106 = (XY)2  Simplify.
‘ :
1 V106 = XY Take the positive square root of each side. {
‘ e N a
| WatchOut! 103 = XY Use a calculator.
Approximation If using > So the measure of XY is about 10.3. '
calculated measures to find |
other measures in a right
triangle, be careful not to .
round values until the last r GuidedPractice
step. So in the followin : .
= . an—1 @ 9 Solve each right triangle. Round side measures to the nearest tenth and angle
equation, use tan-— = measures to the nearest degree.
instead of its approximate
value, 61°. SA. H 58, A B 5C. P
-9 62°
XY= sin X A .
sin (tan'1 %) F 13 G 10 5 R
Q
~10.3
\ _— c

\.
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r Understanding

1 Express each ratio as 3 fraction and e e T
amplﬂ nearest hundredth. 3 a decimal to the

fi
' A
. sinA
1 2, tan C 20
A 3. 12
4. tan 6. cos C cos A
e . 6. sin C
7. Use a special right triang] C
: _ gle to express sin 60° 16 B
gxﬂ“‘ple and as a decimal to the nearest &fi:g:f 0° as a fraction
" Find x. Round to the nearest hundredth
b 13 '
- 9,

J

11, SPORTS David is building a bike ramp. He wants

the angle that the ramp makes with
thy
to be 20°. If the board he wants to use goérl?iin ;

soal
ramp is 35 feet long, about how tall will the
ramp need to be at the highest point?

mmpled  Usea calculator to find the measure of ZZ to the nearest tenth.

12. ¥ z 13. z 14, Y
15
5
9 14 10 X
X 25
X 4 Z
tample5 15, Solve the right triangle. Round side measures R S
to the nearest tenth and angle measures 0 the .
nearest degree. 9
T

Extra Practice begins on page 969.

Practice and Problem Solving

I . d
bample 1 Find sin J, cos J, tan J, sin L, cos L, and tan L. Express each ratio as a fraction and as
a decimal to the nearest hundredth.

18. L
6. K 30 L ®: 8
5
J
J K 3 J
p 21. K_ vz
0. J
: o7 2v/6,
J 23 , Wz
J 2\/‘75 L

connectED.mcgraw-hill.com 567 @
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Example 2  Use a special right triangle to express each trigonometric ratio as a fraction and ag

a decimal to the nearest hundredth.

22. tan 60° 23. cos 30° 24. sin 45
25. sin 30° 26. tan 45° 27. cos 60
Example 3 Find x. Round to the nearest tenth.
J 30. z X
28' A 29- . Y
21° 28
¢ B K< |
X X

L

31. T15\/3T U 33. 0

32. H 1
l o
x 32
20vV2
G o
*F

34. GYMNASTICS The springboard that Eric uses in
his gymnastics class has 6-inch coils and forms
an angle of 14.5° with the base. About how long
is the springboard?

S

ROLLER COASTERS The angle of ascent of the
first hill of a roller coaster is 55°. If the length
of the track from the beginning of the ascent
to the highest point is 98 feet, what is the height
of the roller coaster when it reaches the top of
the first hill?

Example 4 Use a calculator to find the measure of ZT to the nearest tenth.

% S__8 R 3. T 2 3. R y
S
12 . 1 -
S
T
T
39. S 40. T a1, R
o1 43
W2 S
R ‘
44 T 3VZ
R 10V3
S
7
Ty
LD 568 | Lesson 8-4 | Trigonometry ‘
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po

ple3

olve each right triangle, R :
S ol 8 ound side measures to th
{o the nearest degree. e nearest tenth and angle measures

2. H 4. x
32° 3 u. K 45, T
Z
22
“ 36
G J S
19
11 F w 8 L R

46. -BAC:!)(PAGKS Ramon has a rolling backpack that
is 3= feet tall when the handle is extended
When he is pulling the backpack, Ramon’ . hand
is 3 feet from the ground. What angle does hi n
backpack make with the floor? Round to th °
nearest degree. 5

COpRDlNATE FEOMETRY Find the measure of each angle to the nearest tenth of a degree
using the Distance Formula and an inverse trigonometric ratio.

. £K inright triangle JKL with vertices J(~2, —3), K(~7, —3), and L(~2,4)
48. £Y in right triangle XYZ with vertices X(4, 1), Y(—6, 3), and Z(—2,7)
49. ZA inright triangle ABC with vertices A(3, 1), B(3, —3), and C(8, —3)

50. SCHOOL SPIRIT Hana is making a pennant
for each of the 18 girls on her basketball

team. She will use %-inch seam binding to

finish the edges of the pennants.

a. What is the total length of seam binding
needed to finish all of the pennants?

b. If seam binding is sold in 3-yard packages at a cost
of $1.79, how much will it cost?

/ :

Find the perimeter and area of each triangle. Round to the nearest hundredth.

3 35t

54, Find the tangent of the greater acute anglein a triangle with side lengths of 3, 4,

and 5 centimeters.
55. Find the cosine of the smaller acute angleina triangle with side lengths of 10, 24,

and 26 inches.

56. ESTIMATION Ethan and Tariq want t0 estimate
the area of the field that their team w.ill use for
soccer practice. They know that the field ls'dth
rectangular, and they have paced off the w1 :
of the field as shown. They used the fence posts
at the corners of the field to estimate tha:; :ge
angle between the length of the field and the

ch
diagonal is about 40°. If t.hey assur}r:etti;a:h zaarea
of their steps is about 18 inches, wha
P +? Round to the

of the practice field in square fee

nearest square foot. 7
connectED.mcgraw-hill.comfl 569 D)
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Find x and y. Round to the nearest tenth.

0 58. ‘ 43°
40 Y P

32

X

T T T
50. COORDINATE GEOMETRY Show that the. THH- 74
slope of a line at 225° from the x-ax1s 15 =i / »

equal to the tangent of 225°. i

:—Z{: 1

1 investigate an algebraic

| st |

n this problem, you wi

61. lf‘ MULTIPLE REPHESENTATIONS I .
d cosine ratios.

relationship between the sine an

a. Geometric Draw three right triangles that are not
triangles ABC, MNP, and XYZ, with the right an,
respectively. Measure and label each side of the th

similar to each other. Label the
gles located at vertices B, N, and Y,
ree triangles.

b. Tabular Copy and complete the table below.

d |- U0 U -
cos A sinA (cos A)? + (sin A2 =
(E—
ABE cos C sinC (cos C) + (sin CR=
cos M sin M (cos M)? + (sin M)? =
MNP -
N cos P sin P (cos P)2 + (sin P)* =
cos X sin X (cos X)2 + (sin X)? =
XyYZ . > ===
cosZ sinZ (cos 2)* + (sin 2)° =

c. Verbal Make a conjecture about the sum of the squares of the cosine and sine of an
acute angle of a right triangle.

d. Algebraic Express your conjecture algebraically for an
angle X. ]
e. Analytical Show that your conjecture is valid for angle
A in the figure at the right using the trigonometric
functions and the Pythagorean Theorem.

62. CHALLENGE Solve AABC. Round to the nearest B
whole number.

63. RFASONING After solving several right triangle
tngonometry problems, Tristan noticed that the
va!ues of sine and cosine for the acute angles of
afnght hlilingle were less than 1. Will the values (Ax+1)°
of sine and cosine for an acute angl A -
less than 1? Explain. B v

(B3x—=2)°

64. OPEN END i i
i sideE:ngl:vr\i’tgﬁTt MBC with the right angle at vertex B. Use a ruler to measure
) e ratios for sin A and cos C. How are the two ratios related?

65. WRITING IN MATH Explain how :
measures of the acult)e angles nzl glii;alg };Si:;;ios ofithe pide lengths to find the angle

@ 570 | Lesson 8-4 | Trigonometry
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12
Atanx’lsi Ctanx =
12 D 5
=== tan x = —
ptan¥=’5 1

A Which of the following has the same

B 5P\ 3108.4.15, SPI 3102.1.3, 5P 3108.4.7

68. :imlnnen RESPONSE If AC = 12 and AB = 25, what
s the measure of ZB to the nearest tenth?

69. SAT/ACT The area of a right triangle is 240 square

Find and y. (Lesson 8-3)

0.

6/3

[
X

Determine
If so, classify the triangle as acute, obtuse,

18,1517 74. 11,12, 24
6. 18,24, 30 71. 3.2,5.3,8.6

10 MAPS The scale on the map of New M
The width of New Mexico through Albuquerque
41 centimeters. How long would it take to drive across
ifyou drove at an average of 60 miles P

ALGEBRA Find x and y. (Lesson 7-4)

L 81.

3
EHH

X+2

Skills Review

8074 lx‘l 86. 1.66 = -2%

exico is 2 centimeters = 160 miles.
on the map is

er hour? (Lesson 7-7)

BR inch oA 's
i ALGEBRR Y- 2% inches. If the base is 30 inches long, how man
yalue as 2T xan inches long is the hypotenuse? 5 Y
-36 H 279
F2 Vs A5 D 2v241
s J B 8 E 34
C 16
\//"—
gpiral Review

. y
72,
y
O i X

whether each set of numbers can be the measures of the sides of a triangle.
or right. Justify your answer. (Lessan 8-2)

75. 13, 30, 35
78. 6\/3, 14,17

New Mexico

So . , (Lesson 0-5)

Ve each proportion. Round to the nearest tenth if necessary 81, 037 =2

Rz 83. 0.05x = 13 - 3xs
= 87. 021 = >
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